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Abstract. In this short lecture, we discuss some basic phenomenological aspects of CP and T
violation in neutrino oscillation. Using CP/T trajectory diagrams in the bi-probabiliagspwe

try to sketch out some essential features of the interplay between the effect of CP/T violating phase
and that of the matter in neutrino oscillation.

INTRODUCTION

There is now evidence for neutrino oscillations coming from the observation of atmo-
spheric neutrinos.[1], solar neutrincs [2], as well as neutrinos produced by accelera-
tor [#]. In particular, recent evidence for the disappearances.ofoming from nu-

clear reactors reported by the KamLAND experimeint [4] has finally established the
so called large mixing angle (LMA) MSW![5] solution to the solar neutrino problem
and has opened the door to explore the CP/T violating pdasehe Maki-Nakagawa-
Sakata (MNS)6] neutrino mixing matrix through neutrino oscillatizn [7]. In this talk
we will discuss some basic aspects of CP and T violation in neutrino oscillation using
bi-probability trajectories diagrams, which are quite useful for qualitative understanding
of the subject.

THREE NEUTRINO FLAVOR MIXING SCHEME

Let us consider the neutrino mixing among three flavor as
3
i:

wherevgy (o =e pu, 1) andvi(i = 1,2, 3) are weak and mass eigenstates, respectively, and
U is the MNS 5] neutrino mixing matrix. We will adopt the standard parametrizefion [8]
of the MNS matrix as follows,

1 0 0 C13 0 Slge_i6 Ci2 Si2 O
Uu= |0 Cz3 3 0 _ 1 0 —S12 C1p O , (2)
0 —s3 C23 —8136'6 0 C13 0 0 1

wherecjj = cosfj, s; = sin6;j ando is the CP violating phase.
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We already have significant amount of information about the MNS matrix as well
as neutrino mass squared differenas = m? — n¥) from various experiments. See,
e.g., Ref.[[9], for a recent review. Under the parametrlzatlon inkq. (2), the atmospheric
neutrino data indicatei[1]

SIn’ 26,3~ 0.88— 1, |AMBs| ~ [AME| ~ (1.5 4) x 10 %eV?, (3)
whereas the solar neutrino data combined with the KamLAND one indicite [10],

tarf 201, ~ 0.25— 0.85, A, ~ (4— 20) x 10 °eV?, (4)

On the other hand, negative result of CHOOZ experiment impose constraiéison
as [Al],
sinf2613< 0.1 (5)
However, toward the complete understanding of the neutrino sector, there still remain
following three questions to be answered, 1) what is the sigmég?, normal (&m§3 >
0) or inverted Am§3 < 0)? 2) how small is the value @ 3?, 3) what is the value of
CP phase? Hereafter, we mainly focus on the effect of the CP phase neutrino

oscillation, which can not be separately considered from that of the signnﬁfas well
as the value 06,3, as we will see.

CP AND T VIOLATION IN NEUTRINO OSCILLATION

Let us first consider the effect of CP and T violation in neutrino oscillation in vaclium [7].
If the oscillation probability ofvg — vq is different from its CP conjugate process,
VB — Vg, Or if

APSE =P(vg — Vo) —P(Vg = Va) #0  (a,B=e i, T,a#pB), (6)

for a given neutrino energye() and baselinel(), then this implies CP violation. Sim-
ilarly, if the oscillation probability ofvg — vq is different from its T conjugate (time
reversal) processq — Vg, Or

APB_P(VB—>VO,)—P(VO,—>VB)7AO (a,B=eu, 1,0 #B), (7)

then this implies T violation. If the CPT symmetry holds, which is the case for neutrino
oscillation in vacuum, violation of T is equivalent to that of CP.
Using the parametrizaion in EQ (2), one can explicitly show that in vaod&legﬁ and

APJB defined in EqsI6) andl(7) are equal and given by,
p (B, m§3 A
APSE = DOP;, = 16Jﬁasm< gL ) sin L) sin{ —=°L (8)

where
JBa = |m[Ua1U2;2U51U32] = :|:012$120238230%3813$in5, (9)

with +(—) sign is for cyclic (anti-cyclic) permutation d@ir, B) = (e, i), (U, 1),(T,€).
Note that in order that the CP/T violation effect to be non-zero, all the angle must be non-
zero and therefore, three flavor mixing is essential (no CP/T violation in two generation).



One can estimate the effect of CP/T violation in vacuum using the best fitted values
of the mixing parameters obtained from solar and atmospheric neutrino data as,

sin22912]% { Amﬁz } {Siﬂ22913

1

2
ing (% 1
083 | |7<105eV2|| 0.05 } sino %), (10)

A%ﬁ:AﬂﬁwZ{
where we assumed that oscillation probability is measured at energy and baseline when
Am2, L /4E takesrt/2 (oscillation maximal). The CP/T violation effect is expected to be
a few percent provided thd s is close to the CHOOZ limit, and can in principle be
measurable by the proposed long-baseline neutrino oscillation experiradnts [12] in the
near future. Let us note that if the solution to the solar neutrino problem were not LMA
but some another one which requires much smaitef, or 6,5, then the measurement
of CP/T violation effect would be much more difficult!

CP AND T TRAJECTORIES IN BI-PROBABILITY SPACE

Let us now consider the effect of matter. In mater, measurement of CP violation can
become more complicated because of the fact that oscillation probability for neutrinos
and anti-neutrinos are in general different in matter eveh 4 0. Indeed, the matter
effect can either contaminate or enhance the effect of intrinsic CP violation effect coming
from & [[L3]. For the case of T violation, the situation is different. If we can establish
APOTB # 0 for a # B, then this implyd # 0 even in the presence of matter. This is
because oscillation probability is invariant under time reversal even in the presence of
matter. Similar to the case of CP violation, T violation effect can either be enhanced or
suppressed in matter.f14]. However, T violation measurement is experimentally more
difficult to perform, because we need to make a non-muon neutrino beam!

Let us try to look into more about the interplay between the CP/T violation effect
and matter effect. In order to have more transparent understanding of the subject, We
will introduce the CP and T trajectory diagrams in the bi-probability space which were
suggested and developed in Refs. 15116, 17]. From now on, we will focus on oscillation
only for vy, <+ ve as well asv, <+ Ve channels which are experimentally more feasible,
because the production and detectiowgfv; are much more difficult.

In vacuum one can show very easily that oscillation probabilities for neutrino and
anti-neutrino channels take, without any approximation, the following forms,

P = P(vy — Ve) =Ac0s0 +Bsind +C,

P = P(vy — Ve) =Acosd —Bsind +C, (11)

whereA, B andC are some constant which depend on mixing paramwgrandAnﬁ

as well as neutrino energy and baseline. Suppose that energy and baseline are fixed to
some values. Then a given valued{e.g.d = 0) defines one poirify, Fy) in theP — P

plane. If we varyd from O to 2T we can draw a closed trajectory, which is an ellipse, in



theP — P plane. This is schematically illustrated in Fig. 1.

P(V— Ve)

Fig. 1: Schematic illustration of the C
trajectory diagram without matter effe

~C
in vacuum

P(M,— Ve )

in the bi-probabilityP — P plane.

There are several important features to be
mentioned. First the constaf, which is pro-
portional to sif 613, determines how far the
ellipse is located from the origin of the the
P — P plane. Second, the size of the ellipse,
which is determined by the magnitudes Af
and B, corresponds to the size of the effect of
non-zero CP phase in oscillation probabilities.
To be more precise, the size of the ellipse along
the axis which is proportional tB characterize
the size of direct CP_violation effect which
is proportional toP — P [0 sind whereas that
of the direction along the axis proportional
to A characterize the effect of CP “conserv-

F|’ng” term, which is proportional to cas We

%ote that the minor (ifA > B) or major (if

A < B) axis is always at 45 degree. On the

trajectory, the two special points which sitRt= P correspond to cases wheddakes
either O orr. Note that whend = 0 or 71, the mixing matrix become real and no
difference between neutrino and anti-neutrino oscillation probability.

How the matter effect can change this picture? It has been noted irn.Elef. [18] that even
in the matter with arbitrary density profile, the oscillation probability can be expressed

)

P am2,< 0

Matter Effect

Vacuum's Y .
S/ CP( )

AmMZ>0

in the same form as in vacuum in EBEX(11), with-
out any approximation, as

P = Acosd + Bsind +C, (12)
where A, B and € are some constant which
depend not only on mixing angle but also on the
matter effect and are different for neutrinos and
anti-neutrinos. This implies that the trajectory
in matter is also elliptic but is shifted to two
different directions, according to the sign of
Amﬁ, in the P — P plane as illustrated in Fig.
2. What happens with matter effect is that the
size of the trajectory does not change essentially

Fig. 2: Schematic illustration of how thdut change its position in the— P plane due to
trajectory in theP — P plane is affectedsome parallel shift plus rotation, as illustrated
by the matter effect.

in Fig. 2. For positive (negative) value of
Am§3, due to the matter effect, probability for

Vi — Ve (Vu — Ve) is enhanced whereas that figf — Ve (Vy — Ve ) is suppressed so

that they are sifted as in Fig. 2. The magnitude of shiftis larger when the the matter effect
is larger, i.e., the baseline is larger. In fact, if the distance is short the two trajectories
labeled as CP) and CF~) can be overlapped (see Fig. 5 for an explicit example for
such a case). We note that trajectories labeled d3)Gfd CP~) are symmetric with
respect td® = P line, which we will explain why later.



Let us next consider the T violation. We can do exactly the same exercise as we did

P(ve =V, )

Fig. 3: Schematic illustration of the
trajectory diagram in the bi-probability

T (+)
AmZ,>0

Vacuum

=~

Matter Effect

AmZ;< 0

planeP —PT.
UNIFIED UNDERSTANDING OF CP AND T TRAJECTORIES

Now we will try to relate these two kind of different trajectories which represent CP and
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Fig. 4: Relation between CP and T tra-

jec

0 1 2 3

P(v, -V, [%]

tory diagrams.

in Fig. 2 but in the bi-probabilityP — PT
plane whereP” = P(ve — v,) is proba-
bility for the T conjugate channel of the
Vi — Ve process. In contrast to the case of
CP trajectory diagram, not only the posi-
tion but also the size of the ellipse changes
in matter as illustrated in Fig. 3. One can
easily understand the qualitative behaviour
of these trajectories by noting that due to
the matter effect bot® and P" are en-
hanced (suppressed) for positive (negative)
Am2, [L4]. The magnitude of the shift as
well as the size change of the ellipse de-
pend on the strength of the matter effect.
Larger the matter effect (longer the base-
line), larger the sift and the size change.

T violations in the presence of matter and
give a unified picturelll6]. In Fig. 4, we
draw the CP and T trajectories in matter

| at the same time i® — P or P—PT plane

together with that in vacuum (labeled as

1 VE). For this plot, we seE = 2.2 GeV,

L=1200 km, and|Am?Z,| = 3 x 1073 eV?,
sif2623 = 1.0, A2, = +5x 107° eV?,

1 sint26;, = 0.80, sirf;3 = 0.05 and the

electron densityYep = 1.5 g cnt3. The

1 superscript+) attached to the label CP/T/V

indicate the sign oAm2,. We note that two
V#) trajectories are almost degenerated
(We ignored the difference betwean*)
and V() in the previous sections in Figs.
1-3 for simplicity). The vertical axis must
be identified withP and PT for CP and T
trajectories, respectively. There is a remark-

able feature. Projections of €P and T+) trajectories to the vertical axis “almost” (but
not exactly) coincide with each other. Let us try to explain why.



In the presence of matter, one must consider the neutrino evolution equation given as,

Ve Ve
Vu| = [Udiag(O,A—nﬁz,A—m%)U“rdiag(a, 0, O)} Vul (13)
Ve 2E ~ 2E

i—
dt v

wherea = v2GeNe denotes the index of refraction fog in matter withGg being
the Fermi constant anle a constant electron number density in the earth. For anti-
neutrinos, the same equation holds but veith- —aandU — U™,

By taking the complex conjugate of this evolution equation, one can show that the
equation for neutrino is identical to that of anti-neutrinos with the sighrof's flipped,
from which we can conclude that for arbitrary matter density profile,

P( VIJ — Ve, Am%& Am%Zv 57 a) = P( ‘711 — ‘73’ _Am%& _Am%27 57 a)' (14)

We call this CP-CP relation, which holds without any approximation.

On the other hand, by taking the time reversak(—t) of the evolution equation, one
can show that the equation for neutrino which describes v, process is identical to
that for its T conjugate process but for anti-neutrimgs— ve with the signs ofAm?’s
and? flipped, from which we can conclude that without any approximation,

P(Ve — Vy; AMis, AME,, 8,8) = P(Vy — Ve, —AMis, —ANE,, —d8,a),  (15)

where we assumed that the matter density profile is symmetric about the mid-point
between production and detection. Let us call this T-CP relation.

Now we would like to get similar relations but keeping the sigrAcrif2 the same
because we want to find some relations amon§C&nd T+ trajectories for positive
Amfz, which is required by the solar neutrino data. By flipping the sigr:\mf2 in the
RHS of Egs. ) andifl5), keeping only the ode®,/Amé,, one can get the following
approximated CP-CP and T-CP relatioas [16],

P( VIJ — Vg, Am%& Am%Zv 57 a) = P( ‘711 — ‘73’ _Am%& —I_Am%Zv i+ 57 a) (16)
P(Ve — VIJ;Am%& Am%Zv 57 a) = P(VIJ — ‘73’ _Am%& —I_Am%Zv m— 57 a)' (17)

Eq. {I®) explains why the positions of P and CP~) trajectories are approximately
symmetric with respect to the life= P whereas EqIE7) explains why the projections
of CPF) and T+ to the vertical axis approximately coincide.

PROBLEM OF PARAMETER DEGENERACY

Finally, let us mention briefly about the problem of parameter degenerzc 191 15, 20].
Suppose that we can measure very precisely the oscillation proba®(lity — ve)

and its CP conjugate orf&(v, — Ve) for a given energy and baseline. This give one
point (P,P) in the P— P plane. Assuming that we know all the mixing parameters,
except for8;13 andd, there is a situation where we can find four different CP trajectories
which pass such a single point as illustrated in the left panel of Fig. 5. This implies
that even if we can measure the probability very precisely, we can not distinguish such
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Fig. 5: Examples of the case where we have problem of 4-fold parameter degeneracy for CP
violation (left) and T violation (right). Trajectories with solid (dashed) lines correspond to
positive (negativefAmz, andP(v) = P(v, — ve) and CHP] = P and T[P] = PT. Same mixing
parameters as in Fig. 4 except f;. Adopted from Ref.[L17].

four different physical situations! This is the essence of the problem of parameter degen-
eracy. The shaded region in the plot indicate the region where we can not distinguish the
sign ofAmf3 by just measuring one set @ ). In the case of T violation the problem
become more serious as there are always four trajectories which pass such a single point
intheP—PT plane, corresponding to four physically different cases. For givandP

(PT1), possible set of solutions 06{3, 8) can be obtained analyticalllLl17].

How to solve this problem? The possible answer is to perform experiments at two
different energies and/or two different baselires [1DL21, 22], or to combine two different
experimentsili2 23, 24 125.126]. Then the degeneracy will be lifted and in principle,
we can uniquely determine the oscillation parameters, provided that we can measure
oscillation probabilities accurately enough. See these references for detailed discussions.

SUMMARY

We discussed some basic aspects of CP and T violation in neutrino oscillation in the
presence of matter effect using bi-probability trajectory diagrams. These trajectory dia-
grams are quite useful for qualitative understanding of the subject as they show the effect
of CP/T violation as well as matter effect at the same time in a single plot. We discussed
the interplay among CP/T violation and matter effects and briefly mentioned about the
problem of parameter degeneracy. We would like to conclude that we may have a good
chance to observe CP and T violation in neutrino oscillation experiments in the next few
years, provided that boih and 63 are not too small.
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